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Optimal Transport (Wasserstein Distance)

𝑐 𝑥, 𝑦 =
1

2
[(𝑥1  − 𝑦1 )2 + (𝑥2 − 𝑦2 )2 ]



Plans

[Peyré and Cuturi, 2019]
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Entropic Plans 

[Peyré and Cuturi, 2019]



Optimal Transport: Unbalanced

[Séjourné et al, 2019]



ICP Geometric 
Cases

[Gilleland et al, 2020]



Summary of OT scores

Cost Description

Primal KL cost Entropic regularised 
unbalanced bias cost with 
Kullback-Leiber unbalanced 
regularisation

Primal TV cost Entropic regularised 
unbalanced bias cost with 
Total variation unbalanced 
regularisation

Sinkhorn Divergence 
KL cost

Debiased primal KL cost. 
Including extra terms to post 
optimisation remove noise

Sinkhorn Divergence 
TV cost

Debiased primal TV cost. 
Including extra terms to post 
optimisation remove noise

These are then accompanied by 
reverse version of each.



Relative boundary

Key:
tv = total variation 
cost
kl = Kullback-Leiber 
cost
(se) = Sinkhorn 
Divergence cost
(p) = primal cost
r__ = reverse cost 



Relative boundary (rotation)

Key:
tv = total variation 
cost
kl = Kullback-Leiber 
cost
(se) = Sinkhorn 
Divergence cost
(p) = primal cost
r__ = reverse cost 



Translation 

Key:
tv = total variation 
cost
kl = Kullback-Leiber 
cost
(se) = Sinkhorn 
Divergence cost
(p) = primal cost
r__ = reverse cost 



Simple case



Simple case
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Translation

Key:
tv = total variation 
cost
kl = Kullback-Leiber 
cost
(se) = Sinkhorn 
Divergence cost
(p) = primal cost
r__ = reverse cost 



Reverse Costs (non-symmetric?)

Key:
tv = total variation 
cost
kl = Kullback-Leiber 
cost
(se) = Sinkhorn 
Divergence cost
(p) = primal cost
r__ = reverse cost 



Transport Plan: rho=1



Transport Plan: rho=0.001



Transport Plan: rotation



An OT Metric and Toolbox

Questions to ask of the metric:

➢ Does the method inform 
performance at different scales?

➢ Does the method provide 
information on location error? 

➢ Does the method provide 
information on intensity errors 
and distributions?

➢ Does the method provide 
information on structural error? 

➢ Can the method give traditional 
information, hits, misses, false 
alarms etc. ?

OT offers many possibilities, including;

✓ Geometric interpretation, with 7 
potential terms to consider (3 dual, 4 
primal)

✓ Provides approximate transport plan, 
showing where most transport is 
required.

✓ Parsimonious, only two parameters 
to tune. (Epsilon, Rho)

✓ Can work on two different meshed 
data 

✓ Works on true intensity maps, rather 
than binary maps.



Future Work

• Create informative diagrams/plots

• Real data application

• Study the physical interpretation of 
rho

• Optimise the algorithm for large data 
sets and ensemble models

• Work with stakeholders for better 
understanding of use cases, and 
information they want.    



Thank you
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Geometric Example



Entropic Regularisation



Optimal Transport: Unbalanced
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